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Problem 1:

For a Hidden Markov Model with s states S1, S2, . . . , Ss, initial state proba-
bilities πS , state transition probabilities τST , and output probabilities P (O|S)
(where S and T are any of the states, and O is a particular output symbol),
define for j = 1 . . . s

Fij = Prob{O1O2 . . . Oi, Qi = Sj} i = 1 . . . N,

and

Bij = Prob{Oi+1Oi+2 . . . ON |Qi = Sj} i = 1 . . . N − 1; BNj = 1.

Use these terms to derive a recursion for efficiently calculating PiST = Prob{Qi =
S,Qi+1 = T |O1 . . . ON}.

Solution:

We can write

Prob{Qi = S,Qi+1 = T |O1 . . . ON} =
FisτSTProb{Oi+1|Qi+1 = T}Bi+1,t

Prob{O1O2 . . . ON}
,

where s is the index corresponding to state S, and t is the index corresponding
to state T . All terms can be calculated recursively as shown previously.

Problem 2:

For a k-th order Markov Model for DNA sequences, the transition probabilities
P̂ (i | hk) are typically obtained as the maximum likelihood estimates from a set
of training sequences such that the probability of observing the letter i following
the k-mer hk is proportional to the observed count of hki k + 1-mers. For an
Interpolated Markov Model, transition probabilities are determined by taking
well-formed linear weighted sums of relevant fixed-order transition probabilities,
for example

Pimm(i | hk) =
k∑

l=−1

µ(hl)P̂ (i | hl) ,

where hl is l-mer preceding letter i (”history of length l”) and P̂ (i | h−1) is
taken to be one over the cardinality α of the alphabet (i.e., 0.25 for the common
4-letter nucleotide alphabet).
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Show that the probabilities Pimm(i | hk) are well defined (i.e., add up to 1 when
summed up over all letters i) provided

∑k
l=−1 µ(hl) = 1.

Alternatively, define interpolated transition probabilities recursively for l =
0, 1, . . . , k as follows:

Pimm(i | hl) = λ(hl)P̂ (i | hl) + [1− λ(hl)]Pimm(i | hl−1) , (1)

with boundary condition Pimm(i | h−1) = P̂ (i | h−1) and weights 0 ≤ λ(hl) ≤ 1.

Demonstrate the equivalence of the two alternative formulations by first showing
that Pimm(i | hk) =

∑k
l=−1 µ(hl)P̂ (i | hl) where

µ(hl) =


λ(hk) l = k

Πk
j=l+1[1− λ(hj)]λ(hl) l = 0, 1, . . . , k − 1

Πk
j=0[1− λ(hj)] l = −1


and then proving that

∑k
l=−1 µ(hl) = 1.

Solution:

For the first part, we have

α∑
i=1

Pimm(i | hk) =
α∑
i=1

k∑
l=−1

µ(hl)P̂ (i | hl) =
k∑

l=−1

µ(hl)[
α∑
i=1

P̂ (i | hl)] =
k∑

l=−1

µ(hl) = 1.

The alternative formulation follows from succesive insertion into equation (1)
starting from l = k and collecting terms.

To prove that the µ(hl) add up to 1, note that

Πk
j=l[1− λ(hj)] + Πk

j=l+1[1− λ(hj)]λ(hl) =

Πk
j=l+1[1− λ(hj)][1− λ(hl) + λ(hl)] = Πk

j=l+1[1− λ(hj)]

for l = 0, 1, . . . , k − 1.

2


